Let G be an identity component of an isometry group for the two-point homogeneous spaces
Introduction
A homogeneous Riemannian space M of the Lie group G is called commutative, if the algebra Diff(M ) of all G-invariant differential operators with complex or real coefficients on M are commutative. The well known example of the commutative space is the symmetric space of the rank l. Recall that the rank of a symmetric space is the dimension of its maximal flat completely geodesic submanifold. The commutative algebra Diff(M ) for these space is generated by l independent commutative generators [1] . Particularly, for symmetric spaces of the rank one (which are the same as two-point homogeneous spaces) the algebra Diff(M ) is generated by the Laplace-Beltrami operator. Also, the class of commutative spaces contains weakly symmetric spaces [2] .
There are known only some sporadic examples of noncommutative algebras Diff(M ) (see, for example Ch.2, [3] ). One of these example is the noncommutative algebra Diff(M 1 ) for M 1 = O 0 (1, n)/SO(n − 1) studied in [4] , where O 0 (1, n) is the identity component for the group O(1, n). In that paper the space M 1 was interpreted as a total space for the bundles of unit spheres over hyperbolic space H n (R). Denote the total space of the bundle of unit spheres over a Riemannian space M by M S .
The space H n (R) is a representative of the class of two-point homogeneous Riemannian spaces (TPHRS) for those any pair of points can be transformed by means of appropriate isometry to any other pair of points with the same distance between them. Equivalently, this spaces are characterized by the property that the natural action of the isometry group on the bundle of unit spheres over them are transitive. Thus the natural problem arises: "describe the algebras Diff(M S ) for the bundle of unit spheres over all TPHRS M ".
On the other hand, a space M S is an orbit in general position for the symmetry group of the two-body problem on a TPHRS M acting in the configuration space of this problem.
Due to the two-point homogeneity of M the codimension of these orbits is one. In the paper [5] the polynomial expression for the HamiltonianĤ of the quantum mechanical two-body problem on an arbitrary TPHRS M was found through the radial differential operator and elements of Diff(M S ). In the present paper the generators of algebras Diff(M S ) of the minimal order and the corresponding relations for them are found for spaces M = S n , P n (R), P n (C), P n (H), H n (C), H n (H) with the help of known models of these spaces as submanifolds of Euclidean space or quotient spaces of such manifolds. It happened that all these generators are represented in the expression forĤ.
The other examples of TPHRS are Cayley planes P 2 (Ca), H 2 (Ca). Both are 16-dimensional over R. The similar models for them are not known. On the other hand, the general construction in the Lie algebra of the isometry group (see proposition 1) for TPHRS used in [5] for finding the general expression forĤ are not detailed enough for calculating the relations in Diff(M S ). Hence the problem of finding generators and relations of the algebra Diff(M S ) for M = P 2 (Ca) and M = H 2 (Ca) are open. This paper is organized as follows. In section 2 we perform the necessary information on invariant differential operators on homogeneous spaces. We recall the classification of TPHS in the section 3. In section 4 the model of the quaternion projective space P n (H) is described. In section 5 the generators for the algebra Diff(P n (H) S ) are calculated and by the formal correspondence the the analogous generators of the algebra Diff(H n (H) S ) is obtained. The corresponding relations for these algebras are found in section 6 . In section 7 we consider from the same point of view algebras Diff(P n (C) S ), Diff(H n (C) S ) and in section 8 the algebras Diff(P n (R) S ), Diff(S n S ). In appendix A we describe the technique for calculating the commutative relations for algebras of differential operators under consideration and in appendix B one interesting fact for an arbitrary TPHRS is proved.
Invariant differential operators on homogeneous spaces
Let M n be a Riemannian G-homogeneous space, x 0 ∈ M n , K ⊂ G a stationary subgroup of the point x 0 ∈ M n , and k ⊂ g ≡ T e G the corresponding Lie algebras. Choose a subspace p ⊂ g such that g = p ⊕ k (a direct sum of linear spaces).
The stationary subgroup K is compact, since it is also the subgroup of the group SO(n). By the group averaging on K we can define a Ad K -invariant scalar product (·, ·) on g and choose the subspace p orthogonal to k with respect to this product [3] , [6] . In this case we have the inclusion Ad K (p) ⊂ p, i.e. the space M is reductive.
Identify the space M n with the factor space of left conjugate classes of the group G with respect to the subgroup K. Let π : G → G/K be the natural projection.
Let S(V ) be a graded symmetric algebra over a finite dimensional complex space V , i.e. a free commutative algebra over the field C, generated by elements of any basis of V . The adjoint action of the group G on g can be naturally extended to the action of G on the algebra S(g) according to the formula:
Denote by g K the set of all Ad-invariants in S(g). The main result of the invariant differential operators theory is the existence of the one to one correspondence between the algebra Diff(M ) and the set p K of all Ad-invariants in S(p) [3] . For our purpose the next version [2] of this result is more convenient. Let U (g) be the universal enveloping algebra with the standard filtration for the Lie algebra g and U (g) K be it's subalgebra, consisting of all Ad K -invariant elements in U (g). Let µ be the
K . This approach leads to simpler calculations than the operations through local coordinates on M (like in [4] ) that gives quite cumbersome calculations even in relatively simple case of M = H n (R) S . Below we are interested in representation of an algebra Diff(M ) by it's generators and corresponding relations. Let {g i } be a set of generators of the commutative subalgebra p K ∈ S(p). Not loosing generality we can suppose that all g i are homogeneous elements w.r.t. grading of S(p). Then µ(g i ) generate the algebra Diff(M ).
The relations for the elements µ(g i ) are of two types. First type consists of relations induced by relations in U (g). Due to the universality of U (g) all these relation are commutative ones, induced by the Lie operation in g. Suppose now that there is a relation in U (g) of the form:
where P is a polynomial andD ∈ (U (g)k) K . Using the commutative relations for µ(g i ), i = 1, . . . , k we can reduce the polynomial P to the polynomial P 1 , symmetric w.r.t. all permutations of it's arguments,
K . After this reduction the relation (1) may become trivial: P 1 = 0, D * = 0. It means that (1) is the commutative relation. Suppose that relation (2) is nontrivial. Consider the sum P 2 (t 1 , . . . , t k ) of monomials with the highest total degree from polynomial P 1 (t 1 , . . . , t k ) with commutative variables t 1 , . . . , t k . Due to the symmetry of P 1 the polynomial P 2 (t 1 , . . . , t k ) is nontrivial. On the other hand from (2) we obtain that P 2 (g 1 , . . . , g k ) = 0 due to the expansion g = p ⊕ k. Thus every relation in the algebra
. . . , µ(g k ) modulo commutative relations is in one to one correspondence with the relations for homogeneous generators g 1 , . . . , g k of commutative algebra p K . We call such relations the relations of the second type. The filtration of the algebra U (g) induces the filtration of the algebra Diff(M ) which is the same as the natural filtration of Diff(M ) as the algebra of differential operators.
Two-point homogeneous Riemannian spaces
The classification of two-point homogeneous Riemannian spaces can been found in [7] , [8] , (see also [9] , [10] ), and is as follows: Let H be quaternion algebra over the field R with the base 1, i, j, k, where ij = −ji = k, jk = −kj = i, ki = −ik = j. The conjugation acts as follows:
Let H n+1 be a right quaternion space and (z (1) , . . . , z (n+1) ) coordinates on it. Let P n (H) be a factor space of the space H n+1 \{0} with respect to the right action of the multiplicative group H * = H\{0}. The set (z (1) : . . . : z (n+1) ) up to the multiplication from the right by an arbitrary element from the group H * is the set of homogeneous coordinates for the element 1 π(z) on the space P n (H), where π :
be the standard scalar product in the space
is the analogous for the metric of a constant sectional curvature on the space P n (R) and the metric of a constant holomorphic sectional curvature on the space P n (C). The real part of the metric (5) is a Riemannian metric on the space P n (H):
The normalizing factor in (6) is chosen due to the following reasons. The space P 1 (H) with this metric is a sphere S 4 with the standard metric of the constant sectional curvature R −2 . To see this we can consider a homeomorphism ν :
where H the quaternion space completed with the point at infinity. For n = 1 the formula (6) has the form
Using the formula |z 2) by direct calculations we can reduce the expression (7) to the form:
which is the metric of the constant sectional curvature R −2 on the sphere S 4 . The left action of the group U H (n + 1), consisting of quaternion matrices A of the size (n + 1) × (n + 1) such thatĀ T A = E, conserves the scalar product < ·, · > in the space H n+1 , dim R U H (n + 1) = (2n + 3)(n + 1). If we write every quaternion coordinates in H n+1 as a pair of complex numbers, then the group U H (n + 1) becomes the symplectic group Sp(n + 1). n (H) S ) and Diff(H n (H) S ) 6
Left and right multiplications always commute, so the left action of the group U H (n+1) is correctly defined also on the space P n (H). Obviously, it is transitive and conserves the metric g. The stationary subgroup of the point from the space P n (H) with the homogeneous coordinates (1, 0, . . . , 0) is the group U H (n) U H (1), where the group U H (n) acts onto the last n coordinates, and the group U H (1) acts by the left multiplication of all homogeneous coordinates by quaternions with the unit norm. All stationary subgroups on a homogeneous space are conjugated and hence isomorphic. Therefore
The Lie algebra u H (n + 1) consist of quaternion matrices A of the size (n + 1) × (n + 1) such thatĀ T = −A. Let E kj be the matrix of the size (n + 1) × (n + 1) with the unique nonzero element equals 1, locating at the intersection of the k-th row and the j-th column. Chose the base for the algebra u H (n + 1) as:
The commutative relations for these elements are:
plus the analogous equalities, obtaining from the latter three relations by the cyclic per-
Consider now the total space of unit spheres bundle P n (H) S over the space P n (H). Let (z, ζ), where z ∈ P n (H), ζ ∈ T z P n (H) be a general point of the space P n (H) S . Due to the isomorphism P 1 (H) ∼ = S 4 we assume here n ≥ 2.
The stationary subgroup K 0 of the group U H (n+1), corresponding to the point (z 0 , ζ 0 ) is generated by the group K 1 = U H (n − 1), acting onto the last n − 1-th homogeneous coordinates and by the group K 2 = U H (1), acting by the left multiplication of all homogeneous coordinates by quaternions with the unit norm. The algebra k 0 of K 0 (the same as in proposition 1) is (2n 2 − 3n + 4)-dimensional and is generated by elements (8) with 3 ≤ k ≤ j ≤ n + 1 and the elements:
Choose the complimentary subspacep to the subalgebra k 0 in the algebra g = u H (n + 1) as a linear hull of elements:
Taking into account relations (9) it is easily obtained that the expansion
It is readily seen from (9) that setting:
we obtain the base from the proposition 1 for q 1 = 4n − 4, q 2 = 3. Now we are to find the generators of Ad K0 -invariants in S(p). Due to the proposition 1 the expansionp = a ⊕ k λ ⊕ k 2λ ⊕ p λ ⊕ p 2λ is invariant w.r.t. the Ad K0 -action. In the space a the K 0 -action is trivial that gives the invariant D 0 = Λ ∈ µ(p K ). From formulas (11) we see that the space p λ ∼ = H n−1 consists of matrices of the form
Likewise, the space k λ ∼ = H n−1 consist of matrices of the form
Due to the formula
the action of the group K 1 in the space p λ is equivalent to the standard action of the group U H (n − 1) in the space H n−1 : a → U a. In the space k λ the action of K 1 is similar:
The standard action of the group U H (n − 1) in the space H n−1 has one independent real invariant: < z, z >, z ∈ H n−1 , and the diagonal action of U H (n − 1) in the space p λ ⊕ k λ ∼ = H n−1 ⊕ H n−1 has six (independent iff n ≥ 3) real invariants:
Denote the corresponding elements from µ(p K1 ) ∈ U (g) K1 in the following way:
where {·, ·} means anticommutator. If n = 2, then there is the unique independent relation between invariants (12):
If we write this identity in coordinates, then we will obtain the well known Euler identity which is the key ingredient in the proof of the Lagrange theorem from number theory: if two integers have the form
then their product has the same form.
The elements D 1 , D 2 , D 3 are invariant w.r.t. the action of the whole group K 0 , therefore they correspond to operators of the second order from Diff(P n (H) S ). The elements 1 , 2 , 3 are not invariant w.r.t. the action of the group K 2 ∼ = U H (1). Obviously, the K 2 -action in the linear hull of elements 1 , 2 , 3 is equivalent to the well known action of the group SO(3) ∼ = U H (1)/{1, −1} in the space H ′ of pure imaginary quaternions:
The K 2 -action in 3-dimensional spaces p 2λ , k 2λ are the same after the identification Υ 12 , Υ * ↔ i, Ω 12 , Ω * ↔ j, Θ 12 , Θ * ↔ k. Thus we are to find invariants of diagonal action of the group SO(3) in the space R 3 ⊕ R 3 ⊕ R 3 . It is clear that there are 6 = 9 − 3 such independent invariants: (x, x), (y, y), (z, z), (x, y), (x, z), (z, y), x, y, z ∈ R 3 and invariant (x, y, z) ≡ (x, y × z) algebraically connected with the first six:
where y × z is the vector product. It gives the following invariants from U (g) K0 :
Here we took into account that every three factors from all summand in the last expression pairwise commutate. Thus operators D 0 , . . . , D 10 generate the algebra Diff(P n (H) S ). The degrees of the generators are as follows:
In the model of the space P n (H) we can transpose the coordinates z 1 and z 2 . The operators In order to get the generators of the algebra Diff(H n (H) S ) we can use the remark 1, the formula (11) and make a formal substitution:
This substitution produces the following substitution for the generators D 0 , . . . , D 10 :
The operatorsD 0 , . . . ,D 10 generate the algebra Diff(H n (H) S ).
6 Relations in algebras Diff(P
Here we are to find the independent relations in Diff(P n (H) S ) for it's generators D 0 , . . . , D 10 . They are of two types (see section 2). First type is commutative relations, because a commutator of two invariant differential operator of orders m 1 and m 2 is an operator of an order m 3 ≤ m 1 + m 2 − 1. It gives 11(11 − 1)/2 = 55 relations. If n ≥ 3 due to (15) the second type consist of only one independent relation of the form:
where D ′ is an operator of an order ≤ 7, which is polynomial in D 0 , . . . , D 10 . If n = 2 the formula (14) gives another independent relation of the form:
, therefore in the case n = 2 we have an additional relations:
In principle all relations can be obtained by straightforward calculations in U (g), but these calculations became too cumbersome to write them here. In Appendix A there is an example of deriving four commutative relation. After getting some commutative relations by direct calculations it is possible to get some other ones (see Appendix A) using the Jacobi identity:
This identity gives also a tool for checking the commutative relations. Below there are all 55 commutative relations in lexicographic order. The relation (19) became too difficult to obtain in the similar way. May be we need a computer algebra calculations to obtain the explicit expression for D ′ .
[
Using relations (21) it is not difficult to show that the operator
lays in the center of the algebra Diff(P n (H) S ). Using substitution (18) we obtain the commutative relations for the algebra Diff(H n (H) S ):
The analogous for the operator D * from the center of the algebra now becomesD
In the case n = 2 the additional relations (20) becomes:
7 Algebras Diff(P n (C) S ) and Diff(H n (C) S )
The model for the space P n (C)
Taking the factor space of C n+1 \{0} w.r.t the action of multiplicative group C * = C\{0} (due to the commutativity of the complex multiplication it makes no difference left or right), we obtain the complex projective space P n (C). Let π : C n+1 \{0} → P n (C) be the canonical projection. Let now < x, y >:
be the standard scalar product in the space C n+1 . The metricg of the constant holomorphic sectional curvature on the space P n (C) is defined by the same formula (5) as on the space P n (H), where now z ∈ C n+1 \{0},
The Riemannian metric g on the space P n (C) is:
If n = 2 it is not difficult to verify (like in the section 4) that homeomorphism µ :
of the sectional curvature R −2 on the sphere S 2 . The left action of the group G = SU(n + 1) on the space C n+1 conserves the scalar product < ·, · > and induces the action in the space P n (C), conserving metricsg and g. The stationary subgroup, corresponding to the point of the space P n (C) with homogeneous coordinates (1 : 0 : . . . : 0), are the group U(n) = SU(n) U (1), where the factor SU(n) acts in the standard way onto the last n coordinates, and the factor U(1) acts by the multiplication of the first coordinate by e iφ and the second one by e −iφ , φ ∈ R mod 2π. Thus P n (C) = SU(n + 1)/ U(n). Choose a base of the algebra su(n + 1) in the form:
The commutators for these elements are easily extracted from (9), taking into account that Υ k = 1 2 (Υ 11 − Υ kk ) using the notations from (8).
7.2 Algebras Diff(P n (C) S ) and Diff(H n (C) S )
Consider now the space P n (C) S . Due to the isomorphism P 1 (C) ∼ = S 2 we again assume that n ≥ 2.
Letz 0 = (1, 0, . . . , 0) ∈ C n+1 , an element ξ 0 ∈ Tz 0 C n+1 ∼ = C n+1 has coordinates (0, 1, 0, . . . , 0). Put z 0 = πz 0 , ζ 0 = π * ξ 0 ∈ T z0 P n (C). The stationary subgroup K 0 of the group SU(n+1), corresponding to the point (z 0 , ζ 0 ), is generated by the group K 1 = SU(n − 1), acting onto the last n − 1-th coordinates and by the group K 2 = U(1), acting onto the homogeneous coordinates of P n (C) as:
dim R K 0 = (n − 1) 2 and we obtain K 0 ∼ = U(n − 1). The algebra k 0 of the group K 0 is the linear hull of elements (24) as 3 ≤ k < j ≤ n + 1 and elements:
Choose the complimentary subspacep to the subalgebra k 0 in the algebra g = su(n+ 1) as a linear hull of elements:
Taking into account relations (9) it is easily obtained that the expansion su(n + 1) =p ⊕ k 0 is reductive, i.e. [p, k 0 ] ⊂p.
We will obtain the particular case of the proposition 1 for q 1 = 2n − 2, q 2 = 1 setting:
Now we are to find the generators of Ad K0 -invariants in S(p). The expansionp = a ⊕ k λ ⊕ k 2λ ⊕ p λ ⊕ p 2λ is invariant w.r.t. the Ad K0 -action. In the spaces a, p 2λ , k 2λ the K 0 -action is trivial that gives the invariants
. From formulas (28) we see that the space p λ ∼ = C n−1 consists of matrices of the form
Similarly, the space k λ ∼ = C n−1 consist of matrices of the form
The action of the group K 1 in the spaces p λ and k λ is equivalent to the standard action of the group SU (n − 1) in the space C n−1 : a → U a, U ∈ SU (n − 1), likewise in the section 5. It is easily to verify that the action (26) generate the action
. . , n − 1. Therefore the K 0 -action in spaces p λ and k λ is equivalent to the standard U(n − 1)-action in C n−1 . This action has one independent real invariant: < z, z >, z ∈ C n−1 , and the diagonal action of U(n − 1) in the space p λ ⊕ k λ ∼ = C n−1 ⊕ C n−1 has four (independent iff n ≥ 3) real invariants:
Denote the corresponding elements from µ(p K0 ) ∈ U (g) K0 in the following way:
If n = 2, then there is the unique independent relation between invariants (29):
Thus operators D 0 , . . . , D 5 , generate the algebra Diff(P n (C) S ). The degrees of the generators are as follows: In order to get the generators of the algebra Diff(H n (C) S ) we can use the formal substitution:
This substitution produces the following substitution for the generators D 0 , . . . , D 5 , :
The operatorsD 0 , . . . ,D 5 ,¯ generate the algebra Diff(H n (C) S ).
Relations in algebras
The commutative relation for the algebra Diff(P n (C) S ) are as follows:
If n > 2 then there are no relations of the second type. If n = 2 then there is one relation of the second type due to (31):
It is easy to verify that the operator
lays in the center of the algebra Diff(P n (C) S ). Using substitution (33) we obtain analogous relations for the algebra Diff(H n (C) S ). The commutative relation are now as follows:
If n > 2 then there are no relations of the second type. If n = 2 then there is one relation of the second type analogous to (34):
The operatorD
5 lays in the center of the algebra Diff(H n (C) S ).
8 Algebras Diff(P n (R) S ), Diff(S n S ) and Diff(H n (R) S )
8.1 Generators of algebras Diff(S n S ) and Diff(H n (R) S )
Let now < ·, · > be the standard scalar product in the space R n+1 . The equation < x, x >= R > 0 defines the sphere S n ∼ = SO(n + 1)/ SO(n) ⊂ R n+1 of the radius R with induced metric on it. The space P n (R) is a factor space of S n w.r.t. the relation: x ∼ −x. The spaces P n (R) S and S n S are locally isomorphic. The same is also valid for their symmetry groups and the construction from the section (2) implies the isomorphism Diff(P n (R) S ) ∼ = Diff(S n S ). The spaces S 1 S , P 1 (R) S are one dimensional and the algebra of invariant differential operators on them is generated by one differential operator of the first order. Therefore we again suppose that n ≥ 2. Let
be a base of the algebra so(n + 1). The commutative relations for them are contained in (9) . Consider now the space S n S . Letz 0 = (1, 0, . . . , 0) ∈ R n+1 , an element ξ 0 ∈ Tz 0 R n+1 ∼ = R n+1 has coordinates (0, 1, 0, . . . , 0). Put z 0 = πz 0 , ζ 0 = π * ξ 0 ∈ T z0 S n S . The stationary subgroup K 0 of the group SO(n + 1), corresponding to the point (z 0 , ζ 0 ) ∈ S n S , is generated by the group SO(n − 1), acting onto the last n − 1-th coordinates.
The algebra k 0 of the group K 0 is the linear hull of elements Ψ kj as 3 ≤ k < j ≤ n + 1. Choose the complimentary subspacep to the subalgebra k 0 in the algebra g = so(n + 1) as a linear hull of elements:
The expansion so(n + 1) =p ⊕ so(n − 1) is reductive.
We will obtain the particular case of the Proposition 1 for q 1 = 0, q 2 = n − 1 setting:
Now we have the expansionp = a⊕k 2λ ⊕p 2λ , which is invariant w.r.t. the Ad K0 -action. It is easy to see that in the space a the K 0 -action is trivial and in the spaces k 2λ and p 2λ it is equivalent to the standard action of the group SO(n − 1) in the space R n−1 . The K 0 -action in the space a has the invariant D 0 = Λ. The SO(n − 1)-action in R n−1 has one independent real invariant: < z, z >, z ∈ R n−1 , and the diagonal action of SO(n − 1) in the space p 2λ ⊕ k 2λ ∼ = R n−1 ⊕ R n−1 has three (independent iff n ≥ 3) real invariants:
If n = 2, then there is the unique independent relation between invariants (39):
Thus operators D 0 , D 1 , D 2 , D 3 generate the algebra Diff(S n S ). The degrees of the generators are as follows:
The operator D 3 is symmetric and the operators D 0 is skew symmetric w.r.t. the transposition of coordinates z 1 and z 2 . The operators D 1 and D 2 turn into each other under this transposition.
In order to get the generators of the algebra Diff(H n (R) S ) we can use the formal substitution:
This substitution produces the following substitution for the generators D 0 , . . . , D 3 :
The operatorsD 0 , . . . ,D 3 generate the algebra Diff(H n (R) S ).
The commutative relation for the algebra Diff(S n S ) are as follows:
If n > 2 then there are no relations of the second type. If n = 2 then there is one relation of the second type due to (40): The first three relations were found in [4] , but the last three relations were not calculated there.
If n > 2 then there are no relations of the second type. If n = 2 then there is one relation of the second type analogous to (43): lays in the center of the algebra Diff(H n (R) S ) and they are proportional if n = 2 due to (44).
A Calculation of some commutative relations
In this appendix we shall illustrate the main ideas of calculating some commutative relations. Let start from commutative relations (21) from the section 6. We shall obtain some relations requiring the minimal calculations. Let operators D 0 , . . . , D 10 are defined by (13) and (16). Using (9) and (45) 
